. Towards nonlinear imperfect interface models including micro-cracks and smooth roughness.
theory in order to formulate a model of contact between smoothly-rough surfaces in non-sliding conditions.
In the present paper, several additional new features are introduced. Particularly, an overview of simple techniques accounting for (smooth) roughness, micro-damage (microcracks) and geometrical nonlinearities is presented. Two main novelties are presented: (1) roughness is introduced in the asymptotic formulation within the framework of finite strain [36, 39, 44] as well as in the hard interface formulation; (2) two theories of micromechanical homogenization for micro-cracked materials, i.e., Kachanov's theory [30, 48] and dilute scheme [4, 35] , are studied and compared.
The paper is organized as follows. Firstly, a review of soft and hard imperfect interface models in linear elasticity is presented in Sect. 2. Next, a smooth roughness at the contacting interfaces between the two adherents and the adhesive interphase in introduced in Sect. 3 . A simple methodology of micromechanical homogenization able to take into account micro-damage is presented in Sect. 4 . In Sect. 5, an interphase consisting of a nonlinear elastic material, the Saint Venant-Kirchhoff material model, is studied. Lastly, some simple numerical applications are proposed in Sect. 6, to validate the proposed interface models.
Soft and hard imperfect interface models in linear elasticity
We begin by specifying what we understand by "soft" and "hard" interfaces. This notion is related to the stiffness ratio between the adhesive and the adherents. For example, in the case of two pieces of steel (with a stiffness close to 210 GPa) bonded by an araldite glue (a stiffness close to 2 GPa), the interphase is considered as soft. On the contrary, if two samples of maple wood (the stiffness is close to 10 GPa) are bonded by an epoxy resin (the Young's modulus is close to 4 GPa), the interphase is considered as hard.
The three-dimensional equilibrium problem
A thin interphase, B , joining two adherents, Ω ± , is considered occupying a cylindrical region of small thickness and cross-section S, with S an open bounded set in IR 2 with a smooth boundary S. Introduced the Cartesian frame (O, x 1 , x 2 , x 3 ) with ( 1 , 2 , 3 ) the corresponding orthonormal basis, the domains B and Ω ± are defined as with 0 < ∕h << 1 and h the characteristic length of Ω. The surfaces between the adherents and the interphase of small thickness are
The geometrical configuration described above is shown in Fig. 1 .
The adherents are subjected to a body force density :Ω ± ↦ R 3 and to a surface force density :Γ g ↦ R 3 . Body forces are neglected in the adhesive.
On Γ u = Ω ⧵ (Γ g ∪ Ω ∩ B ), homogeneous boundary conditions are prescribed:
where :Ω ↦ R 3 is the displacement field defined on Ω . Γ g is assumed to be located far from the interphase and the fields of the external forces are endowed with sufficient (1) B = (x 1 , x 2 , x 3 )∈Ω: − 2 < x 3 < 2 .
(2) Ω ± = (x 1 , x 2 , x 3 )∈Ω: ± x 3 > 2 , regularity to ensure the existence of equilibrium configuration. In the following, the symbol (, ) means derivative. The equations governing the equilibrium problem of the composite structure are written as follows:
= ij i ⊗ j the Cauchy stress, ( ) the strain tensor under the small perturbations hypothesis
± the jump of f at S ± . The materials of the adherents and of the thin interphase are assumed to be homogeneous and linearly elastic and ± , are taken to denote the fourth-order elasticity tensors of the adherents and of the interphase, respectively. The tensors ± , are assumed to be symmetric, with the minor and major symmetries, and positive definite. It is well known that the above equilibrium problem admits an unique solution. At least two different methods are possible to study asymptotically the problem (5), by using the minimization of the total energy [18, 19, 42, 43, 45] or, directly, by using the equilibrium equations [9, 16, 17, [20] [21] [22] [23] 34] . In this paper, the last method was preferred.
The rescaled equilibrium problem
Because the thickness of the interphase is very small, it is natural to seek an approximated solution of problem (5) as the small parameter vanishes. In this paper the method of matched asymptotic expansions is applied, which is based on a rescaling of the domains and on series expansions of the (rescaled) relevant fields (displacement and stress vector fields) with respect to . In the following, the symbol (∧) will indicate the rescaled fields in the adhesive and the symbol (−) the rescaled fields in the adherents.
According to the method of matched asymptotic expansions, a classical change of scale is first applied to the adhesive and to the adherents [6] :
Let ̂ : = •̂ −1 be a displacement from the rescaled interphase and let ̄ : = •̄ −1 be a displacement from the rescaled adherents In (7) the plus (minus) sign applied in Ω + (Ω − ). Under the change of variables, the domains Γ u and Γ g are transformed into the domains denoted by Γ u and Γ g , respectively. The external forces are assumed to be independent of , thus it is set f (z 1 ,
Asymptotic expansions
Within the rescaled configuration (cf. Fig. 1b) , the asymptotic expansions of the displacement fields in the adherents and in the interphase take the following form:
Starting from Eq. (11), the adhesive's strain tensor is obtained:
with:
and where = 1, 2, Sym(⋅) gives the symmetric part of a tensor and k = 0, 1, …
The strain tensor in the adherents can be obtained as:
with: respectively, are represented in asymptotic expansions:
As body forces are neglected in the adhesive, the equilibrium equation can be written at the two first orders as:
Equation (22) shows that the stress vector ̂ . Analogously, equation (23) can be rewritten in the following integrated form:
All equations written so far are general in the sense that they are independent of the constitutive behavior of the materials.
The equilibrium equation in the adherents can be written as:
As a perfect contact law between the adhesive and the adherents is assumed, the continuity of the displacement and stress vector fields is enforced. In particular, the continuity of the displacements leads to [45] :
and the continuity of the stress vector gives the following conditions:
Following [45] , the matrices jl (with j, l = 1, 2, 3) are introduced, whose components are defined by the relation:
In view of the symmetry properties of the elasticity tensor
, it results that jl =( lj ) T , with j, l = 1, 2, 3.
Internal/interphase analysis
In the following, two specific cases of linearly elastic material are studied for the interphase. One, called "soft" material, is characterized by elastic moduli which are linearly rescaled with respect to the thickness ; the second case, called "hard" material, is characterized by elastic moduli independent of the thickness .
Soft interphase analysis
Assuming that the interphase is "soft", one defines:
where the tensor does not depend on . Accordingly to position (32) , it is set:
Introducing the expansions in the constitutive equations leads to:
and for j = 1, 2, 3, and which represents the classical law for a soft interface. Analogously, it is obtained:
where the sum over = 1, 2 is performed. The complete problem for soft interface can be written at the two first orders as:
Taking into account the first equation in (45) and using the positive definiteness of the tensor , one obtains:
which corresponds to the kinematics of the perfect interface. Analogously, it is obtained:
and The complete problem for hard interface can be written at the two first orders as:
>> on S,
Hard interphase analysis
For a "hard" interphase, it is set:
where the tensor is independent of , and jl is still taken to denote the matrices such that K jl ki : = b ijkl . Taking into account the relations (13) and (20), the stress-strain relationship takes the following form: which gives
3 How introduce roughness?
The three-dimensional equilibrium problem
In this Section, a general methodology is proposed to take into account the interphase roughness. In particular, two given positive-valued dimensionless roughness functions, ± ∈ C 0 (S, IR 2 ), describing a smooth (i.e., ± are independent of ) surface roughness between the adherents and the interphase, are introduced. The domains B , Ω ± and S ± are then defined as: and the interfaces between the adherents and the adhesive interphase are
We introduce two modified changes of variables:
Note that with these changes of variables, in the adhesive one has dx 3 = ± dz 3 .
As a perfect contact law between the adhesive and the adherents is assumed, the continuity of the displacement and stress vector fields is enforced. In particular, the continuity of the displacements gives:
Expanding the displacement in the adherent, , in Taylor series along the x 3 −direction and taking into account the asymptotic expansion, it results:
Thus it is obtained:
Identifying the terms with the same powers of , Eq. (61) gives:
:
(60)
Following a similar analysis for the stress vector, analogous results are obtained:
for i = 1, 2, 3. Note that using this technique, the jump the stress vector at order zero is not modified. However, taking the derivatives along the third axis shows that the matching conditions at order one are modified as follows:
Now the equilibrium equation at order zero gives:
and thus, At order one, the equilibrium equation leads to the condition
Soft interphase analysis
In this section, the interphase is assumed to be "soft". The complete problem for soft interface can be written at the two first orders as:
The integration of the constitutive equations gives:
and by combining with the equilibrium equation one obtains
The complete problem for hard interface can be written at the two first orders as:
How introduce microcracks?
A very simple technique is now proposed to account for the presence of microcracks in the interphase. The idea is to introduce these microcracks (or porosity) directly in the elastic constitutive equations. A heterogeneous material is considered made of an elastic material with cracks.
To model the macroscopic behavior of cracked materials, homogenization models can be used and then a new homogeneous equivalent medium can be defined. The stiffness tensor depends on the crack length and orientation. In [11, 40, 41] , the authors introduce cracks by applying the methodology developed by Kachanov and his collaborators [30, 48] . In this approach, a crack density is introduced. In two dimensions, this density is seen as the ratio between the square of the length of the crack l and the elementary volume describing the material at the microscale. Thus, the
>>> on S,
>>>
on S.
Hard interphase analysis
In this section, a "hard" interphase is considered. The jump in the displacements at order zero is not modified:
giving again the kinematics of the perfect interface.
(77)
crack density is inversely proportional to the thickness of the interface. The stiffness depends directly on the length l. Due this dependence, the next step consists in the asymptotic study of the stiffness coefficients of the homogenized elastic tensor. Obviously, two cases can appear, in the first one, the material is soft, in the second one the material is hard. In the previous sections, it has been shown how it is possible from this starting point to obtain imperfect soft or hard interface models. A scheme of this methodology is proposed in Fig. 2 . Within this section, two examples of homogenization techniques are given. The first one is based on the theory proposed by Kachanov et al. [30, 48] . The results presented here are given for a damaged isotropic material. We take E 0 , 0 and 0 to denote the Young's modulus, the shear modulus and the Poisson's ratio of the undamaged material. We assume that the crack lies along the direction of 1 . In this case and in two dimensions, the stiffness coefficients of the cracked material, indexed by 1, are given by where = l 2 ∕ L and L is the length of the interface. The subindex i indicates the direction parallel to the crack, i.e. 1, or orthogonal to the crack, i.e. 2.
A simple asymptotic study of these coefficients leads to where is effective elastic tensor of the homogenized material. Thus, this homogenization theory leads to a soft material. By considering the microcracks density, the stiffness coefficients are given by
(85) ≈ = (l) Fig. 2 Homogenization scheme for micro-cracked interphase media. The homogenized interphase is then treated by the asymptotic method in order to obtain the stiffnesses matrix 33 of the imperfect-interface law Note also that, in two dimensions, the normal stiffness and the tangential stiffness take the form In the second example of cracked material, we introduce a dilute homogenization scheme or a dilute estimate [4] . Note that other effective coefficients can be found in the literature (see [35] for example). In the case of a dilute estimate, the stiffness coefficients are given by:
A simple asymptotic study of these coefficients leads to:
These equations thus, lead to a model of hard interface, as defined above. In Sect. 6, these models will be compared within simple numerical examples.
A nonlinear model of imperfect interface accounting for roughness
In this section, the asymptotic behavior of a joint with an adhesive of vanishing thickness and comprising an isotropic Saint Venant-Kirchhoff material is reviewed. The complete problem is addressed in [44] , where the cases of "soft", "hard" and "rigid" adhesive are distinguished, depending upon the rescaling of the adhesive moduli with its thickness. Attention here is restricted to the case of a "hard" adhesive, for which it is intended that its elastic moduli are independent of the adhesive thickness. The
roughness of the adhesive is taken into account as in Sect. 3 via the definition of a roughness function [11, 40, 41] .
The three-dimensional equilibrium problem
A thin interphase, B , joining two adherents, Ω ± , is considered and the same notation and assumptions of Sects. 2 and 3 is adopted. The materials of the adherents and of the thin interphase are now modeled as Saint Venant-Kirchhoff isotropic materials, with Lamé's coefficients equal to ± , ± in the adherents and , in the interphase. The latter are assumed to be independent of , thus providing a model of "hard" interface, accordingly to the terminology introduced in the previous sections. The equations governing the equilibrium problem of the composite structure are written as follows:
= P ij i ⊗ j the corresponding first Piola-Kirchhoff stress and ik the Kronecker symbol.
It is well known that the Saint-Venant Kirchhoff energy is not rank-one convex and thus the direct method of the calculus of variations can not be applied to provide the existence of (weak) solutions of the above equilibrium problem [7, 24] . Existence results are known for special cases, i.e. when the pure displacement boundary value condition is considered and body forces are sufficiently small [10, 27, 29] .
Asymptotic analysis
According to the method of matched asymptotic expansions implemented in the present paper, a change of scale is first applied to the adhesive interphase and the adherents. To take into account the roughness of the interphase, we introduce the modified change of variables as in (56-58). Next, the following asymptotic series in the rescaled interphase and adherents domains are introduced: (90)). This gives a set of conditions (at the orders −3, −2 and −1) all equivalent to the requirement that This condition in turn implies that the displacement is constant with respect to z 3 in the interphase and, enforcing the continuity of the displacement field at the interfaces between the adhesive and the adherents, it gives Substituting Eq. (98) into the condition arising from the (rescaled) constitutive equation of the interphase at order 0, the following condition is obtained: with Substituting (100) into (95) gives
(100) At the first two orders, the complete problems for the equivalent hard Saint Venant-Kirchhoff interface can be written as:
(104) det ŝ 0 33
1 ,33 = .
(106)
6 A simple numerical example
Generalities
In the following, numerical procedures are presented and a numerical example is treated. Two cases are considered: a soft cracked interface (Kachanov theory) and a hard cracked interface (dilute estimate), as presented in Sect. 4 . In order to simplify the notations, only two dimensional problems are considered. For the soft interface, Eq. (41) is solved. For the case of a hard interface, Eqs. (50) and (51) , c 2 =
Formulations of soft and hard interface problems
Soft interface problem The soft interface problem at order zero (41) is variational and it can be written in the weak form: for all ± ∈{ ∈ H 1 (Ω): = on Γ u }. Next, using standard finite element on each subdomain, and a "flat" finite element on S with all its nodes on S, half of (110)
them related to Ω − and the other half related to Ω + , it is possible to write a rigidity matrix of this problem that is invertible, and with standard error estimates (see for example [8, 31] for more details).
Hard interface problem Firstly, the interface problem at order 0 (see for example equation (50)) is standard since the continuity of the displacement and of the constraints across the interface are required. The problem (111) is no longer straightforward since discontinuities both in the displacement and in the stress vector fields have to be imposed. For the sake of simplicity, we denote by
,11 the imposed jumps, computed for the solution at order 0.
Then, the problem (111) has to be split into two parts, one for the jump in the displacements, the other for the jump in the constraints.
More precisely, we write ± = ± + ± where the unknowns ± and ± solve the problems since
The two first problems defined in Eq. (112) both in Ω + and Ω − are standard and they can be solved simultaneously by using a standard finite element method (let us notice that − is vanishing on Ω − and thus there is no problem to solve on this domain, and + can be viewed as a prolongation of 0 on Ω + ). Equation (113) is solved by using the Nitsche's method:
for all ∈{H 1 (Ω): ( )=0 on Ω∖S}, where h is the size of the smallest element of the finite element discretization of Ω ± , and >0 is a fixed number that must be sufficiently large to ensure the stability of the method.
This formulation, known as the Nitsche's method [32] , is equivalent to (113). In particular, the solutions of (114) are weak solutions of (113) (see [1, 8, 47] for the complete study of this method and for a priori and a posteriori error estimates).
Numerical results
In this section, we present some numerical results on an academic example. The geometry of the problem is given in Fig. 3 . The composite structure consists of bricks glued with damaged mortar. The problem is treated in plane stresses. In all the computations bellow, P2 triangular finite elements (conforming piecewise quadratic Lagrangian finite elements) are used. These elements are characterized by six nodes (one on each vertex and one on the middle of each edge).
All materials are considered as isotropic and their mechanical parameters are listed in Table 1 . 
Roughness
In this first study, we consider a roughness equal to (x 2 )=sin(16 x 2 ) for x 2 ∈[0, 0.25] (see Fig. 4 for
For each values of ranging from = 0.05m to 0.001m, we calculate the L 2 relative error between the solution computed with the three phases (as in Fig. 4 ) and a solution computed with the modelings proposed in the previous sections (soft/hard interface, at order 0 or 1). The results are plotted on Fig. 5 .
In Fig. 5 , one can observe that, since the relative rigidity of the mortar and the brick is small, the hard interface modeling provides better results, both at order 0 and 1. For that modeling, the relative error is of order 0( ) when considering the order 0 and it converges rapidly to 10 −4 when considering the order 1. For the soft interface law, one can observe the convergence rate is close to 0( ) at order 0 and to 0( 1.5 ) at order 1.
Microcracks
For the applications with microcracks, we have consid- For each values of the crack length, Table 2 shows the representative coefficients for each theory. Let us notice that, for an undamaged mortar, we have K N = K T = +∞ for the Kachanov model and C = 1 for the diluted model. Data in Table 2 indicate that, when the crack length decreases, the rigidity of the interface increases for the Kachanov model and the diluted model becomes closer to the undamaged model.
We also note that for l larger than 0.02 m, the coefficient C becomes negative, an occurrence mechanically not admissible. On the contrary, for the Kachanov model, such physical restriction does not exist.
Finally, some solutions for extremal values of the parameters and l L are presented. In the first set of plots, we have used the Kachanov theory, imposing the continuity of the constraints and of the displacements across the interface, and the diluted model to obtain the displacements in both vertical and horizontal directions.
If we study more precisely the jumps in the displacements along the interface, we can observe that these jumps are smaller for l = 0.002 m (see Fig. 6 ) than for l = 0.01 m (see Fig. 7 ). Moreover, the jumps calculated for the Kachanov Model are very small in the considered range of values for l.
We then present some results obtained with the Kachanov model with larger values of the crack length, values that are unreachable with the dilute model. In Fig. 8 , we can observe that the jumps in the displacements along the interface increase strongly when the length of the crack increases.
Conclusion and perspectives
In this paper, a general methodology aimed at modeling thin interphases and based on asymptotic expansions is presented. A review of classical "soft" and "hard" imperfect interfaces models in elasticity is first proposed. The methodology is generalized in a simple way to introduce smooth roughness and micro-cracks. In the first case, it is shown that a change in a step of the asymptotic procedure, i.e. the rescaling, allows to introduce the roughness in the interface model. In the second case, micro-cracks are introduced by a simple modification of the elastic stiffness tensor. Next, a nonlinear constitutive equation for the thin interphase is introduced.
In the last part of the paper, a simple and efficient numerical method is described and an academic example is treated. In particular, it is shown how roughness and the presence of macro-cracks inside the interphase material can influence the interface model.
The results of present paper are expected to find applications in different contexts, especially for modeling the complex behavior of nonlinear or piezoelectric adhesives [14, 25, 46] , of imperfect bonding in composites [5, 26, 28, 33] , and quasi-brittle interfaces in masonry structures [36, 38, 39] .
Furthermore, the proposed model has been generalized to introduce damage evolution, seen as the micro-crack length evolution [3, 38, 39] , and it has been implemented in a commercial FEM-based software within some applications in masonry structures [38, 39] . As a perspective, the proposed methodology could be applied to the study of more general nonlinear constitutive equations, e.g., in biomechanical applications. 
